Chapter 5
Molecular Vibrations and Time-Independent Perturbation Theory
Homework Solutions

=—4 Form of solution: y=Y a x"=a,+ax+ax’ +ax +ax* +...
d 2 n 0 1 2 3 4
X n=0

Specific Recursion Relations

d
o a, +2a,X+3a,x* +4a,x’ +...

dx
2
d—)g=2a2+6a3x+12a4x2+...
d’y d—2y:2a +6a,X+12a,%" +...=—4] 3, +ax+a,X +..|
2 -4y > A 2 3 4 1 2

=—4a, —4ax—4a,x +...

2a,=-4a, — a,=-2a,
Equate powers of x to get:  6a,=-4a, — a,=-2a,/3
12a,=-4a, - a,=-a,/3

General Recursion Relations: FY1 only (not requested in the problem)

y= iamxm

m=0
ﬂ_ S m-1
v Z:;mamx
d’y

=Y (m-Dma, x"
dx? mzzz

Let's convert summation index to start at 0 by defining: n=m-2 — m=n+2

d’y

==Y (n+1)(n+2)a,,,x"
dx* =
d ? y - n = n = n
v -4y > Y (n+D)(n+2)a,,x"=—4| > ax" |=> —4ax
n=0 n=0 n=0
Equate coefficients of equal exponent terms:
(n+H(n+2)a,,,=—4a, — a,.,,= —;an
(n+1)(n+2)

Note: You will find that this general recursion formula reduces to the specific
relations above if you use it with n =0, 1 or 2
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(a) Normalization

® —ax? ? ® —ax? ® —ax? 1
W)= [ A= d=1= A [ e dc=2A'[ X% =24~
1/2 1/4
2 _ g gj _(2 1/z(gj
A a(” - A =(2a) .

(b) <x>
<X>= <1//1 | X|l//1> = j_i X[Alxe“”z/z}zdx =A J: x’edx=0 because integrand is odd

T
a

(c) <x*>

<X >=(y, | |w,) I [Alxefaxz/z de _ AZJ': e dy — ZAzJ‘: e dy

) [ e -

(d) <p>
(ii_‘/): %[Aixe‘“xz/z}— [ ( 2aX/2) a2 —axz/z}zAle—axz/z(l_axz)
B i d —ax?/2
<p>=<"”1|f’|‘/’1>:fw[Axe“X‘”}F (Al);ex qu_ A [ xe o Ple R (- ax
——AJ [e (x—ax*)]dx =— {j xe ™ dx — aj x3e‘“dx} ?A{O—O}:O

<p>=0: Both integrals vanish because the integrands are odd functions of x

(e) <p™>
d’y _d
dx?

o [Ae-ax 2(1-ax® )} X = A {e-axz/2 (—Zax)+(1—ax2)(—2ax/2)e““2/2}
A1[ aa¥’ 2(a?x _3000}



< p2> _ J‘:Wl (—hz)%dx _ J‘_‘: A,X(:‘_axz/z (_hz)A1 [e—axz/z(azxs _ 30[X)} dx

= Af(—hz)J':oe"”z (0{2X4 - 3ax2)dx =A (—hz){az.f_i x‘e ¥ dx — 3aj._i x2e X dx}
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E=E, +E, :(nX +%jha)x +(ny +%)ha)y :(nX +%}ha)x +[ny +%)h(3a)x)

:(nX +ljha)X +(3ny +§jha)x = (nX +3n, +2)ha)X
2 2

nx |ny |E g
0 |0 2 hox 1
1 |0 3 hox 1
2 10 4 hox 1
3 10 5 hox 2
0 |1
I |1 6 hox 2
4 10
2 |1 7 hox 2
5 10
3 1 8 hox 3
0 |2
6 |0




(a) Force Constant

m.m, _ (12amu)(16amu) 1.66x10™" kg

= =6.86amu =1.14x10° kg
m. +my, 12amu+I16amu lamu
-1 [k
V=—-_|—
2nc\ 1

k=[2707]" =] 2(3.14)(3.00x10" em/s)(2170cm™ | (1.14x10* kg )
:1910k9/3=1910(kg-m/s)/m:1910N m

(b) ZPE and Energy Spacing
o =2nv=2rcv =2(3.14)(3.00x10" cm/s)(2170cm™") = 4.09x10"* s

E, :%ha):%(l.()SXlO_34 J '5)(4.09X1014 S—l)

ZPE:

1kJ =12.9kJ / mol

0°J

=2.15x102° J x6.02x10% mol " x

AEo =how= (1.05X10_34 J 'S)(4-09X1014 S—l)

AE: 1kJ
=4.29x10" J x6.02x10* mol " x =25.8kJ / mol

0°J

k=320N/m=2320(kg-m/s®)/m=320kg /s
_mg-mg  mg  35amu 1.66x107

_ Mo ~17.5amu K9 _ 5 91x10 kg
My +Mg 2 2 lamu

.1 |k 1 320kg /s’ y
V= —= 0 —c— =356cm
2zc\ o 2(3.14)(3.00x107" cm/s) | 2.91x10™" kg

v, =2349cm™ , v, =1334cm™ |, v, =v, =667cm’’

E0,0,0,00 1. 1. 1. 1._
—:EV1+5V2+EV3+_V4

hc 2
(a) = l(2349 cm™) +1(1334 cm™) +1(667 cm")+l(667 em™)
2 2 2 2
=2509¢cm™
E(0,0,0,0)=hc(2509cm™ ) = (6.63x10™* J -5)(3.00x10"° cm / s)(2509cm ™)

K _30.0k3 /mol

10°)

=4.99x107 J x6.02x10* mol " x




E0,2,0) 1. 5. 3_ 1.
————— ==V, +t—V,+ =V, +—V,
hc 227 27 2
(b) =1(2349cm-l +§(1334cm-1)+3(667cm-l)+l(667cm-1)
2 2 2 2
=5844cm™

E(0,2,1,0) = hc(5844cm ™) = (6.63x10™** J -5)(3.00x10'° cm / s)(5844cm ™)

=1.16x10™"" J x6.02x10* mol ™' x 110'§JJ =70.0kJ / mol

AE E(0,2,1,0) E(0,0,0,0)

—_— =5844cm™ —2509¢cm™ =3335¢cm™
hc hc hc

AE =hc(3335cm™) = (6.63x107* J -5)(3.00x10'° cm / 5)(3335cm ™)

=6.63x107" J x6.02x10* mol ™" x 11()5‘]J =40kJ / mol

27, v =215cm™

mm, _m _127amu 1.66x10~ kg

a) u= =1.05x10" k
@« m +m, 2 2 lamu J
-1 |k
V=—- |—

2nc\ 1

k=[27c7] 1=[2(3.14)(3.00x10" cm / s)(215em™ | (1.05x10 kg )
=172kg /s’ =172(kg-m/s)/m=172N /m

(b) Intensity Ratio: T =300°C=573 K

hev  (6.63x107* J-5)(3.00x10' cm/s)(215¢cm™)
KT (1.38x107 J / K)(573K)

=0.54

e BT g-G/2)heo/kT

—hco/KT -0.54
= = — =@ =g =0.58
N0 e—EO/kT e—(l/z)hcu/kT




The Spectroscopic Dissociation Energy (De) is the energy gap from the very bottom of the
potential well to the separated atoms.

The Thermodynamic Dissociation Energy (Do) is from the lowest vibrational energy level to the
separated atoms.

The two Dissociation Energies are related by: D, = D, + E,(vib) = D, +% hcv

E, (vib) =%hc& - %(6.63x1034 J-5)(3.00x10" cm/$)(2990cm™)

1kJ

=2.97x107% J x6.02x10% mol " x 7= =17.9kJ / mol

D, =D, +E, (vib) = D, +%hc&:428kJ /mol +17.9kJ / mol ~ 446kJ / mol

AE = jw(o)*H(]) Odx = j Asm(”—xj Asm( JdXJr /2Asm( J[ZB]Asm(”Xj
a a a

AE = AZBI sin’ ax)dx+2Asz sin” (arx) dx ( j

1 a

=AzB[ 1
2

X—Lsm(2ax} +2A’B {—X——sm 2ax)}
da 2 4o

a/2

:AzBH%—isin(aa 0---0 } +2A’B {——iasm(ma)j—(g—ism(da)ﬂ

Note:sin(aa) = sm[ J = sm( ) 0 and sin(2aa) = sin(2?aj = sin(27z) =0

R R S )

_ABa_ AzBa 23Ba ( ]3Ba 2 3Ba

23Ba_3
4 a 4 2

E=E®+AE=

+_
gma’ 2



Thus the perturbation is: H" = (yx“ —% kxzj
— [, @O, My _ [* pp-ax’2 4 _l 2 —a 294y _ A2 [7 pmaX 4 _l 2
AE= |y, *HVy"dz=| Ae 7 X 5 kx* |Ae dx=A"| e ¥ X 5 kx” ldx

= Azyf x*e ™ dx —g A f xe ™ dx =1, -1,

A2 [ vdama dy AN a4y A A2 3 T
Il_AyLoxe dx_2AyJ.0xe dx_2Ay[80{2 p

_2 (ﬁJI/Z 3 (ZJI/Z_ 3]/ _3_}/7[_2
"7) 32\« 4o 4 ku

1, =5A2J‘w xze’“xzdx:ZEAzrxze"”zdx:A2k Lz
2 I 2 Y 4o \ o
_k(ﬁij(zjm_L_E ho_1, E(__M,J
r) 4a\a da 4 Jkuy 4 \u

3y h7 1

AE=1—-1,=22 =

ke 4

2
E-EO+AE=tno+ T Ly Ly 2 1

a) —_—
4 ku 4 4 4 Ku

Note: The simplification I've shown (putting I in terms of hw) isn't really necessary.
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12.

Experimental HCI Frequencies:
Fundamental: v, , =2885cm™

01

First Overtone: Vv, , =5664cm™

E, 1) 1Y
L =In+=|V—|n+=| XV
hc 2 2

~ E, E - - - -
(1) v,,, =—-—"=2885cm ' = é1/—2Xev — lv—lxev =V —2X
hc hc 2 4 2 4
~ E, E . 25 . 1. 1 . -
Q)v,,,=—2-—=5664cm ' = éV——SXev —|=V—=XV =2V -6
hc hc 2 4 2 4

Eliminate x.v: 3+(1) - (2)
3(2885)—1(5664) = v =2991cm™

Use (1)
_ $-2885 2991_2885 L
X,V = = =53cm
2 2
~ -1
o =XV BCM g

® v 2991cm™

Vibrational Contributions to Thermodynamic Properties
Preliminary Calculations: Partition Function and Derivative

T=800°C=1073 K

®V

vi e_E
q b= o,

I-e T

~ 34 10 -1

®, - hcv _ (6.63x107" J S)(3.OO)_(2130 cm/s)(270cm™) _380K

k 1.38x1007 J /K
0, _ 389K —0.363
T 1073K

5
‘ _ ‘ 2T -
1nQV|b:1n(qV|b)N :Nll’l(qv'b)ZNh’l € . :_N;?V—Nln(l—e T
l-e T



vib vib 6y
olnQ _dQ =+N®2V—N 1@ e (@_;j
oT Vi dT 2T -~ T

Enthalpy: HVP

vib vib vib
Hv"’szz(aan J +|<T(alIlQ ) :sz[_aan j +0=U"
VN T,N ot VN

oT olnV
_9 _9
) vib T T
HV'b:sz(algs j =KT°N 2?V2+%- © _|=kT>(nN,) 2?V2+%- c
von l-e T l-e T
9 9
T T i 3
| @re, f|orD Re, S L He
2 v 2 v
l-e T l-e T
Alternate form for HV (to simplify taking next derivative)
®V ®V
_ T LT , .
l-e T efT e T -1
389K 1

H"Y® = (2mol)(8.31J / mol)

+(2mol)(8.31J / mol-)(389 K)~W1
e —

2
=3230J +14770J =18000J =18.0kJ

Note that the ZPE contribution to H"® (and to U""®) is independent of temperature,
the thermal contribution varies with temperature.

For example, at T = 2000 °C = 2273 K, the thermal contribution to H'"® = 34,600 J

Constant Pressure Heat Capacity, Cp'

vib ﬁ _d_H _ Vib
Cp _(8TJP,n_dT (=)



o, !
e =4 R i nre, — 1 |—04nre, L] 1
dT 2 +TV T
e T -1
v -2 d G')v G')v -2 v @
—nRO (-1)e ™ 1| —|e ™ —=1|=nRO (-1)|e T -1| e T | -——x
0] ¥t e oo, (e | (-2 )
2 +TV
T .0,

0.363

[03@—1]2=16.4J/K
%3 —

Note: Equipartition of Energy predicts that the contribution should be

— (2mol)(8.313 / mol - K)(0.363)’ -

vib

nR =2(8.31) = 16.6 J/K. We are fairly close to the limit S =k 111((1)Vib ) + UT

because of

(a) the low frequency and (b) the high temperature.

Entropy: SV

Note: UYP =H"®=18000J] = 18.0 kJ

0, 0,
kinQ"™ :-k'zfv —kN 1n£1—e Tj:-anA(?V]—anAln(l—e T ]

®V
:—nR(®V]—ann[1—e_Tj
T

=~(2mol)(8.31J /mol - K )(0.363)~(2mol)(8.31J /mol - K) In (1- &%)
=+13.743 /K

vib
s* =k1nQV“’+UT =13.74J/K+18000KJ =13.74+16.77=30.51 /K

Gibbs Energy: GV
aln Qvib
olnV

G" =-T(kInQ)=—-(1073K)(+13.741 / K) =-14740J ~ —14.7k]

G"™ =—kT InQ"™ +kT { j =—KkTInQ™ +0=-kT InQ" = A"
TN



13.

[(vi)=a ['(v2) =bi I'(v3)=b2
(a) Activity of Fundamental modes

We will use the "shortcut" shown in the lecture (and in many other courses)

IR Activity

vi(az) is NOT IR active because none of x, y, z belong to the a2 representation
va2(b1) IS IR active because x belongs to the bi representation

v3(b2) IS IR active because y belongs to the bz representation

Raman Activity
All three vibrations ARE Raman active because every representation has one or more of

quadratic functions (x%, y2, Z%, Xy, Xz, yz).

(b) Activity of Combination modes

(b1) vi+vs |0,0,0)—[1,0,1)

Viin = 19071> 1ﬂ(l//fin):az xa, xb, =B
Vinit = 0’0’0> F(l//init) =4a,Xa, Xa, = A1
IR Activity

Mo =e(W [X|W) T=BXxB XxA=A

My =e(WilY|Wim) T=BXB,XA=A=A

Mg =e(w | 2|Wiw) T=BXAXA=B=A

This mode IS IR active because Moi* transforms as A

Raman Activity

<l//ﬁn | X |‘//inn> =B xA XA =B, #A Same for y* and z* integrals
(Wi XY W) T=B XA XA=B,#A

<l//ﬂn | xz|1//m> I'=B xB xA =A

<‘//fin | yZ’l/jinit> ['=B xB,xA=A#A

This mode IS Raman Active because the xz integral transforms as A1
(b2) vz2-vs [0,0,1)—(0,1,0)

0.1,0) T'(yyg,)=a xb xa =8,

0,0,1) T'(w;)=a xa xh, =B,

Vfin =
Vinit =

IR Activity
My :e<‘//fin|X|Winit> ['=B,xB xB, =B, # A



Moyi:e<‘//ﬁn|y|'//init> I'=B,xB,xB, =B, # A
Méi:e<l/jﬁnlz|l/jinit> [=BXxAXB,=A #A

This mode is NOT IR active because none of the three transition moments
transform as A1

Raman Activity

<1//ﬁn | x? |‘//inn> =B xAxB,=A =#A Same for y> and z* integrals
(Wi |9 W) T=B XA xB,=A

(Wi |X2| W) T=BxBxB,=B,#A

(Win | Y21 W) T=B/XxB,xB,=B A

This mode IS Raman Active because the xy integral transforms as A1



