CHAPTER 8
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Chapter 8 Homework

1. Qualitative Questions (see PowerPoint slides and class notes for answers)

(@) Asdiscussed in class, the Secular Determinant is the determinant of the
coefficients of the homogeneous linear equations which result from use of the
Variational Theorem to minimize the energy. Why must the Secular Determinant
equal zero?

(b) To compute the dissociation energy of Hz", one calculates E(H2") and subtracts this
energy from a reference energy; i.e. De = Erer — E(H2"). What is the reference state
for this calculation?

(c) Itwas shown in class that when the dissociation energy of H2" was computed using
a linear combination of 6 atomic orbitals on each H atom, the calculated value of
De actually increased rather than decreased. Is this a violation of the Variational
Principle? Why or why not?

(d) Sketch the o42p (bonding) orbital and cu"2p (antibonding) orbital in homonuclear
diatomic molecules. What do the subscripts “g” and “u” stand for?

(e) Sketch one of the mu2p (bonding) orbitals and one of the mg"2p (antibonding)
orbitals. What do the subscripts “u” and “g” stand for?

(f) One of the o molecular orbitals in the diatomic molecule, Cz, is given
approximately by: ¢ =(-0.17-1s, +0.50-2s, )+ (~0.17 -1s, + 0.50- 2s, )

Is this a bonding or antibonding orbital? Why?

(g) One of the = molecular orbitals in the diatomic molecule, C, is given
approximately by: ¢ = (0.82 -2 pya)+ (— 0.82 pyb)

Is this a bonding or antibonding orbital? Why?

2. Write the complete Hamiltonian (include Nuclear-Nuclear repulsion as well as electronic
terms) for the HeH molecule (in au). The nuclei are are stationary and separated by a
distance, R.



In class, we showed that the antibonding energy level of the H2" molecular ion is:

_ Haa — Hab
<E>_ B 1_Sab

Starting with y =c,1s, +c,1s, and the linear equations from the Secular Determinant
(see PP slides), show that the antibonding wavefunction is given by:

1
=—————|1s, —1s
V_ 2—28ab( a b)

Note: First show that cy = -ca and then calculate the normalization constant.

Consider the two orbital interaction between an orbital on atom a (¢a) and an orbital on
atom b (¢p). The two resulting wavefunctions are of the form:

v =c,1s, +¢,1s,
For this interaction, the Hamiltonian matrix elements and overlap are:
Haa=-20eV ,How=-12eV , Hb=-3eV , Sav=0

(a) Before you solve this problem numerically, answer the following questions:
(i) What is the “upper bound” for the energy of the bonding orbital.
(if) Which is larger in the antibonding orbital, |ca| or |cp|.

(b) Calculate the bonding and antibonding energy levels, Es and Ea.
(c) Calculate the normalized bonding and antibonding wavefunctions, ys, and
YA.

Note: Assume that 1sa and 1sp are normalized.

(d) What fraction of the electron density is on atom a and what fraction on atom b
in the bonding orbital (wavefunction).



If the electronegativities of the two atoms are not too different, the a heteronuclear
diatomic molecule has the same ordering of energy levels as homonuclear diatomic
molecules.

The only difference is that heteronuclear diatomic molecules have no inversion
center, and therefore there is no “g” or “u” in the orbital description.

(a) What is the electron configuration in the diatomic molecule CO?
(e.9. (o15)*(c*1s)*(c25)?...)

(b) What is the spin multiplicity in CO% ? (i.e. Singlet , Doublet, etc.)
(c) Which has the shortest bond length: CO, CO*, CO?* ?

(d) Which has the lowest vibrational frequency: CO, CO", CO?% ?

Consider the lowest excited state of the diatomic molecule, No.

(a) Write the electron configuration of the first excited electronic state of N2
(e.9. (og1s)’(cu"1s)?...)

(b) What is the bond order in this excited state.

(c) Would you expect the N-N bond length in the excited state to be greater
or less than in the ground state of N2. Explain your answer.

Consider an excited state of the H2 molecule with the electron configuration,
(o¢ls)}(ou"1s)t. Several possible wavefunctions to describe this configuration are:

l//l = N lr//SpatWSpin = N [O-g 18(1)0-:15(2) + O':lS(l)O'g 15(2)]:0!1ﬂ2 - /810‘2]
v, =N V spat¥ spin = N [Gg 15(1)‘7:15(2)Ia1ﬂ2 - /31“2]
Vi = NW gl sn = N|oy 1500, 15(2) - 01500, (15(2) fer B, — B, ]

Vi = NWsuW e = N|og1sQ)o,15(2) - o115, (15(2) |6,5,

Determine whether each of the above functions is a valid wavefunction and explain
why or why not.



8. The ground electronic state of NO is a doublet. The lowest lying excited state is also a
doublet with an energy 174 cm™* above the ground state.

Calculate the electronic contributions to the internal energy, enthalpy, entropy and Gibbs
energy for two (2) moles of NO at 200 °C.

Note: As discussed in class, you can ignore the non-thermal contribution to the
internal energy; i.e. we are assuming that go and Eo (=Nago) are zero.

Data

Order of Orbital Energies: Homonuclear Diatomic Molecules
o,1s<0,15<0,25<0,25<7m,2p<0,2p<7m 2p<0,2p

Order of Orbital Energies: Heteronuclear Diatomic Molecules

6ls <o*1s< 025 < c*2s < m2p < 62p < *2p < 6*2p

Some “Concept Question” Topics
Refer to the PowerPoint presentation for explanations on these topics.
e Hamiltonians of multi-electron atoms

e Application of Cramer’s rule to systems of homogeneous equations, and how it requires
that the Determinant of coefficients being zero.

e Relative signs (i.e. overlap) of atomic orbitals in bonding and antibonding molecular
orbitals

e Definition and calculation of bond order in diatomic molecules
e Slater Determinants of diatomic molecules

e Effect of relative atomic orbital energies (of two combining orbitals) on the amount of
stabilization of the molecular orbital

e Effect of relative atomic orbital energies on the atomic orbital coefficients of bonding and
antibonding molecular orbitals

e Effect of atomic orbital coefficients on electron densities in molecular orbitals.



e Effect of electronic ground-state multiplicity on Stat. Mech. Internal Energies,
Enthalpies, Entropies and Gibbs Energies (for molecules with no accessible excited
electronic states.
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Hydrogen Molecular lon:
Born-Oppenheimer Approximation

The simplest molecule is not H,. Rather, it is H,*, which has two
hydrogen nuclei and one electron.

/@\
(2] - ()

The H,* Hamiltonian (in au)

1 1 1 1
H=——V2_ V- V2 - -
2M, 2M, 2 R

KE KE KE PE PE PE

Nuc a Nuc b Elect e-N eN N-N
Attr  Attr Repuls

1
- — +
rb ab

1
ra
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Born-Oppenheimer Approximation

Electrons are thousands of times lighter than nuclei.
Therefore, they move many times faster

The Born-Oppenheimer Approximation states that since nuclei
move so slowly, as the nuclei move, the electrons rearrange almost
instantaneously.

With this approximation, it can be shown that one can separate
nuclear coordinates (R) and electronic coordinates (r), and get
separate Schrédinger Equations for each type of motion.

Nuclear Equation

1 1 1
(QM \75*2M V§+R7+Eef .X(Rab):Enuc‘Z(Rat,)
a b ab

E,, is the effective potential energy exerted by the electron(s) on
the nuclei as they whirl around (virtually instantaneously on the

time scale of nuclear motion)
Slide 4




Electronic Equation

1., 1 1
—v2_ . __|y=E, w=E
[ 2 r er er‘ec{w ¥

a b

Because H,* has only one electron, there are no electron-electron
repulsion terms.

In a multielectron molecule, one would have the following terms:
1. Kinetic energy of each electron.

2. Attractive Potential energy terms of each electron
to each nucleus.

3. Repulsive Potential energy terms between each
pair of electrons
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Systems of Linear Equations: Cramer’s Rule

81X, +8pX; = ¢, In these equations, the a; and c; are constants.
81Xyt 8pX;, =0, .
We want to solve these two equations for the values
of the variables, x, and x,

Cramer’s Rule

c1 a12

x = 1% Gl _ Detof " Augmented " matrix

! a;  ap - Det of original matrix of coefficients
8 8y
aﬂ 01

X - a, G Det of " Augmented " matrix

: a, a,| Detof original matrix of coefficients
aZ1 622
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A Numerical Example

a,x, +a,;,X, = C, 2X,+5x, =1
8y X, + 8y X, = C, 3x,—-2x, =11
c, a, 1 5

w 1C an| _ 1M1 20 (-2)-5(11) _-57 _

" lay, a.| |2 5] 2(-2)-5(33) -19
8y 8y 3 2
a, ¢ 2 1

. _ 132 Ca| _ 311 _2011)-13) _+19

2 la, a, [2 5] 2-2)-5@B) -19
8, ayl 13 -2
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Homogeneous Linear Equations

a, X, +a,x, =0
8, X, +ayx, =0

Question: What are the solutions, x; and x,?

Answer: | gotit!! | gotit!! x,=0 and x,=0.
That's brilliant, Corky!!

But that's the “trivial” solution.

Ya got any other solutions for me?

Question:

Answer: Lunch Time!! Gotta go!!

Slide 9

a,.X,+a,x, =0
8, X, +8,X, =0

Let's try Cramer’s rule.

O a12
0 a 0 a, a
X, = 2l = =0 unless [ " =0
8y Gy ay ap 8, 8y
8 ap & ap
a, 0
a, 0 0 a, a
X, = 2 = =0 unless | " "F|=0
a, ap a1 ap & 8y
a,y dayp a,; dy




a, X, +a,x, =0

8y X, +8y,X, =0

a1 ap

X, =X,=0 unless
a

21

If one has a set of N linear homogeneous equations with N unknowns,
there is a non-trivial solution only if the determinant of coefficients is zero.

This occurs often in Quantum Chemistry.
The determinant of coefficients is called the “Secular Determinant”.
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LCAO Treatment of H,*

Molecular Orbitals

When we dealt with multielectron atoms, we assumed that the total
wavefunction is the product of 1 electron wavefunctions (1 for each
electron), and that one could put two electrons into each orbital, one
with spin a and the second with spin p.

In analogy with this, when we have a molecule with multiple electrons,
we assume that the total electron wavefunction is product of

1 electron wavefunctions (“Molecular Orbitals”), and that we can put
two electrons into each orbital.

w(12.3,.N) = (! (Mey ) (w128, ) (w5 Blets ) - (w3 (4)exy ) ..

Actually, that's not completely correct. We really use a
Slater Determinant of product functions to get an Antisymmetrized
total wavefunctions (just like with atoms).

Slide 13

Linear Combination of Atomic Orbitals (LCAO)

Usually, we take each Molecular Orbital (MO) to be a
Linear Combination of Atomic Orbitals (LCAQ), where each atomic
orbital is centered on one of the nuclei of the molecule.

For the H,* ion, there is only 1 electron, and therefore we need only
1 Molecular Orbital.

The simplest LCAO is one where the MO is a combination of
hydrogen atom 1s orbitals on each atom:

v = Ca¢1sa +Cb¢ﬂsb: 03153 + Cb1sb
shorthand

Assume that 1s, and 1s,
are each normalized.
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Expectation Value of the Energy
w=0,1s,+¢,1s,

Our goal is to first develop an expression relating the expectation value
of the energy to c, and c,,

Then we will use the Variational Principle to find the best set of
coefficients; i.e. the values of ¢, and c, that minimize the energy.

gy JYTHvdr (y|Hly) _ Num
jw *wdr (v |w) Denom
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w=Cc,1s,+¢,1s,

Denom = (y |y) = (c,1s, + G, 15, |G, 18, + G, 15, )

Denom = c; {1s,|1s,) +¢,6, {1s,|1s, ) + ¢,¢, (15, | 1s, ) + ¢ (15, | 15, )

Remember that (1s,|1s,) = (1s,1s,) =1 because 1s, and 1s, are normalized.

Define: S, = {1s.1s,) = (1s,|1s,), where S, is the overlap integral.

p 2
Denom = c¢; +2¢,¢,S,, +¢C;

Slide 16




w=0¢,1s,+¢,1s,
Num ={y |H|y)={c,1s, +¢,1s,|H|c,1s, +C,1s, )

Num = cZ{1s,|H|1s,)+c,c, (1s,|H|1s,) +c,c, (1s, |H |15, )+ ¢ (1s, | H|1s,)

H,, = (15a |H|1sa>
H,, = (1sb |H\1sb)
H,, = (1s,|H|1s,)
Hy, = (1s,|H|1s,) =H,, because H is Hermitian

Num = ¢2H,, +2¢c,c,H,, +¢;H,, Note: For this particular problem,
Hpp=H.a by symmetry.

However, this is not true

in general.
Slide 17
— 2 2 _ 2 2
Num =c:H_, +2c.c,H,, +CiH,, Denom =cZ +2c,c,S,, +¢;
(w|Hly)  Num ¢2H? +2c.c,H,, +CcH
<E> — — —a aezt a’b” "ab iZJ bb
{wly)  Denom C; +20,0,S,, +C,

Minimizing <E>. The Secular Determinant

In order to find the values of ¢, and c, which minimize <E>, we
o{E o{E
want: Q:o and Q:o
e, C,
It would seem relatively straightforward to take the derivatives
of the above expression for <E> and set them equal to 0.

However, the algebra to get where we want is extremely messy.

If, instead, one uses “implicit differentiation”, the algebra is only
relatively messy.

I'll show it to you, but you are not responsible for the details.
You are responsibly only for the concept of how we get to

the “Secular Determinant” Slide 18




2 2

(E) = c:H,, +2c,c,H,, +cH,,
2 2

c;+2c.,S, +c¢,

(¢ +26,6,8,, + . )(E) = €2H,, +20,6,H,, + CiH,,

— Ya' "aa

Differentiate both sides w.r.t. ¢,: Use product rule on left side

6[(05 +2¢,6,S, +c§)<E)] o[ ¢iH,, +20,0,H, +CiH,, |

a ‘aa

ac, éc,

o

c; + ) +{E)(2¢e, +2¢,S,, + 0) = (2¢,H,, + 2¢,H,, +0)

o(E
Set % =0 and group coefficients of ¢, and c,

a
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(E)(2¢,+2c,S,,) = (2¢,H,, +2¢,H,,)

After dividing both

(E)Ca + <E>Cbsab =C,H,, +C,H,, sides by 2

0=(H,, —(E})c, +(Ha —(E)Ss)Cs

or |(Ha —{E}))c, +(Ha —(E)S.)6, =0

This is one equation relating the two coefficients, c, and c,,

We get a second equation if we repeat the procedure, except
differentiate w.r.t. c, and set the derivative =0.

The second

equation is: (Hap ~(E) S )Ca+(Hyy — (E)) G, = 0

Slide 20

10



(Hoo—{E))c, +(Ha —(E)S,,)c, =0

(o~ (E)S,)C, + (Hy — (E))e, =0

Hey!!l' Now we have two equations with two unknowns, c, and c,,
All we have to do is use Cramer’s Rule to solve for them.

Not so fast, Corky!! Those are homogeneous equations. The
only way we can get a solution other than the trivial one, c,=c,=0,
is if the determinant of coefficients of c, and ¢, is zero.

Haa— <E> Hay — <E>Sab

aa

o (E)S  Hy-(E) |

H

The Secular Determinant

Slide 21

Extension to Larger Systems

The 2x2 Secular Determinant resulted from using a wavefunction
consisting of a linear combination of atomic orbitals.

If, instead, you use a linear combination of N orbitals, then you get
an NxN Secular Determinant

A simple way to remember how to build a Secular Determinant is
to use the “generic” formula:

|H..

Uy

—(E)S;

J

|=0

After you have made the Secular Determinant, set the diagonal
overlaps, S; = 1.

Slide 22
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For example, if v =C.4, +Cyd, +C.4,

Then the Secular Determinant is:

Haa 7<E>Saa HaE 7<E>Sab H
Hab *<E>Sab be *<E)Sbb Hbc *<E)Sbc =0
Hac -

<E>Sac Hbc_<E)Sbc HCC—<E>S

Haa - E) HaB - <E) Sab Hac - <E) Sac
Hab*<E>Sab be*<E> Hye — E)Sbc =0
Hac - <E) Sac Hbc - <E Sbc Hcc - <E>

Slide 23
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H,* Energies

Linear Equations Secular Determinant
(Haa - <E>]Ca +(Hab *<E>Sab)cb =0 H, - <E> H, - <E>Sab o
(Hay—(E)S.)G, +(Hy — (E))G, =0 Hap ~(E)Sasy  Hi—(E)

Outline: 1. We will expand the Secular Determinant.
This will give us a quadratic equation in <E>.

2. We will solve for the two values of <E> as a function
of H,,, H,p, Sap-

3. We will explain how the matrix elements are evaluated and
show the energies as a function of R

4. For each value of <E>, we will calculate the MO;
i.e. the coefficients, c,and c,,

Slide 25

Expansion of the Secular Determinant

(B |70 T (M= (E)(Hu ~(E)~(Ho ~(E) Su) =0

This expression can be expanded, yielding a quadratic equation
in <E>. This equation can be solved easily using the quadratic
formula.

However, let's remember that for this problem: H,, = (1s,|H|1s,)

H,, = (1s,|H|1s,)
Therefore, H,,=H,, (by symmetry)
The equation then simplifies to:  ((E)~H.,) = (Hy, — (E}S,,)

2

Slide 26
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Solving for the Energies

Therefore: (E) = Has + Hy
1+S,,
H,o +Ha _Haa —Hay
_Mea*tMay  gnd (E) =
or <E)‘ 1+S,, ( > 1785&)
Slide 27
H, +Ha _Ha—Hy
_Maa ™M gngd (E} =
< >+ 1+Sab < > 178@

Evaluating the Matrix Elements and Determining <E>, and <E>_
This is the easiest part because we won't do it.

These are very specialized integrals. For Hy, and S, they involve
two-center integrals. That's because 1s, is centered on nucleus a,
whereas 1s, is centered on nucleus b.

They can either be evaluated numerically, or analytically using a
special “confocal elliptic” coordinate system. We will just present
the results. They are functions of the internuclear distance, R.

3
Ho=— 1 (g ] |e2r S, =e™" R R+
o 2 R R 3
1 R
H,, —§Sab—(R+1)e

Slide 28
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<E> _ Haa+Hab <V> :<E> +1 _ Hae+Hab 1
y 1+S,, * " R 1+S, R
Haa —n"l,a — l _ Haa 7Hab 1

(E) =T e V=B g=95," "R

<E>, and <E>_represent the electronic energy of the H,* ion.

The total energy, <V>, and <V>_, also includes the
internuclear repulsion, 1/R

Slide 29

<V>, <V>_

E (au)

Antibonding Orbital

Bonding Orbital Asymptatic limit
«— of E, as R—w

N —— | V(w)=-050au

R/a,

(R CalsulatediMinimpum Energy
E,,(cal)=-0.565au at R, (cal)=2.49a,=1.32A

Slide 30
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Comparison with Experiment

E.in(cal) =-0.565 au
Rmin(cal) = 1.32 A
<\V>, <V>_

’(3; Dissociation Energy
w Antibonding Orbital De(cal) = Ey — Epn(cal)
Bonding Orbital =-0.5 au - (-0.565 au)
\_// = +0.065 au27.21 eV/au
=1.77eV
R/ao Rmin De
(R GaleulaiedsMinimum Energy Cal. 1.32A 1.77ev

Expt. 1.06 2.79

The calculated results aren’t great, but it's a start.

We'll discuss improvements after looking at the wavefunctions.
Slide 31

Outline

* Hydrogen Molecular lon: Born-Oppenheimer Approximation.

* Math Prelim.: Systems of Linear Equations — Cramer’s Rule

* LCAO Treatment of H,*

* H,* Energies

* H," Wavefunctions

* MO Treatment of the H, Molecule
* Homonuclear Diatomic Molecules

* Heteronuclear Diatomic Molecules

Slide 32

16



H,* Wavefunctions (aka Molecular Orbitals)

The LCAO Wavefunction: ¥ = .18, +¢,1s,

Remember that by using the Variational Principle on the expression
for <E>, we developed two homogeneous linear equations

relating c, and c,,.

- <E>)Ca + (Hab - <E>Sab)cb =0

aa

(Hab - <E>Sab )ca + (be - <E>)Cb =0
We then solved the Secular Determinant of the matrix coefficients
to get two values for <E>

<E> =Haa+Hab <E> =Haa_Heb
* 1+S, - 1-S,,

We can now plug one of the energies (either <E>, or <E>)
into either of the linear equations to get a relationship between
c, and c,, for that value of the energy.

Slide 33
Bonding Wavefunction
H,.+H
H,,-{(E))c,+(H,-{E}S,)c, = —_4a &b
(Haa = >) 2 +(He —(E) eb) b Plug in ( >‘ 1+3,,
Haa 7Haa+Hab Ca+ Habi Haa+Hab Sab Cb =0
1+S8,, 1+S,,
(Haa(1+Sab)—Haa—Hab)ca+(Hab(1+Sa) H,.S,, —H.,S, ) ¢, =0
% +Haasab )< C + H +’-9€ aa ab /Eé
(H..S., —H.,)¢, +(H,, —H,,S. )¢, =0
(Haasab H ]Ca"'(H Haasao]cb :O
Haasab _H Haasab Heb
¢,-¢,=0 —— C,=¢,
Note: Plugging into the second of the two linear equations
gets you the same result. Slide 34
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¢,=¢, + y=¢1s,+¢,1s, — w. =¢,(1s,+1s,)
or v, = N+ (153 + 1SD)

N, (=c,) is determined by normalizing v,
Normalization: 1= [yy.dr = (y.|w.)

1= (N, (1s, +1s,)| N, (15, +15,)) = N2 ({15, |1s,) + (15, |15, ) + (15, |15, ) + (15, |15, ))

1=N?(1+S,,+S,, +1) = N2 (2+28,,)

N:* —_—  w.=N_(15,+1s,)

T f2+28, 1

= {15, +1s,)

J2+2S,

Slide 35

Antibonding Wavefunction

(H,o—(EY)e, +(Hy ~(E)S,)0, =0

a

Plug in

1-S 1-s,,
le

ab
¢c,+¢,=0 — ¢, =-C,

1
=c,(1s,-1s,)=N_(1s, - 15, ) = ——(15, - 18
w_ a( a b) —( a b) 27233,)( a n)

I

HW

Note: Plugging into the second of the two linear equations
gets you the same result.

Slide 36
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Plotting the Wavefunctions
w. =N, (s, +1s,)

th th N'uc th
a b a b

Note that the bonding MO, v,, has significant electron density in
the region between the two nuclei.

Note that the antibonding MO, y_, has a node (zero electron density in

the region between the two nuclei.
Slide 37

Improving the Results

One way to improve the results is to add more versatility to the
atomic orbitals used to define the wavefunction.

We used hydrogen atom 1s orbitals:

oo =15, = \/Ier‘”’ and ¢, =1s, = \/Ief” (in atomic units)
T T

Instead of assuming that each nucleus has a charge, Z=1, we can use
an effective nuclear charge, Z', as a variational parameter.

ZlS . Z|3 .
$,=.~—e"" and ¢, =,/~—e""
T T

The expectation value for the energy, <E>, is now a function
of both Z' and R.

Slide 38

19



Z|3 . Z!3 )
w =0, +C,,=C, e’ +c,,|—e’"
T w

This expression for the wavefunction can be plugged into the
equation for <E>. The values of Z' and R which minimize <E>

can then be calculated. The best Z’is 1.24.

Rmin De
Cal.(Z=1) 1.32A 1.77ev

Cal.(Z’=1.24) 1.06 2.35
Expt. 1.06 2.79
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An Even Better Improvement: More Atomic Orbitals

Z-Direction
(o (o

Instead of expanding the wavefunction as a linear combination of just
one orbital on each atom, put in more atomic orbitals. e.g.

w=C1s,+0,2s, +¢,2p,, +¢, 15, +C. 25, +C,2p,,

Note: A completely general rule is that if you assume that a Molecular
Orbital is an LCAO of N Atomic Orbitals, then you will get an
NxN Secular Determinant and N Molecular Orbitals.

Slide 40
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Z-Direction
(o) (]

We ran a calculation using: 4 s orbitals, 2 p, orbitals and 1 d,, orbital
on each atom.

The calculation took 12 seconds. We'll call it Cal.(Big)

Rmin De
Cal.(z=1) 1.32A 1.77ev
Cal.(z=1.24) 1.06 2.35

Cal.(Big) 1.06 2.78
Expt. 1.06 279
Slide 41
Outline

* Hydrogen Molecular lon: Born-Oppenheimer Approximation.

* Math Prelim.: Systems of Linear Equations — Cramer’s Rule

* LCAO Treatment of H,*

* H,* Energies

* H," Wavefunctions

* MO Treatment of the H, Molecule
* Homonuclear Diatomic Molecules

* Heteronuclear Diatomic Molecules
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MO Treatment of the H, Molecule

The H, Electronic Hamiltonian

R

H=-_V; Ve — - — - — —— + —
2 2 r16 r1b r2@ r2b r12

KE KE PE PE PE PE PE

e, e, e-N e-N e-N e-N e-e

Slide 43

Energy

The LCAO Molecular Orbitals

E = Haa - Hab
- 1-S,
— y_=N_(s,-1s,) Antibonding Orbital

.

E =H
E,=H_: * En aa
= p 1s,

— Haa +Hah -:
L 1+s, f ) .
v, =N_(1s,+1s,) Bonding Orbital

H.,={1s,|H|1s,) is the energy of an electron in a hydrogen
1s orbital.

We can put both electrons in H, into the bonding orbital,
y,, one with a spin and one with B spin.

Slide 44
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Notation

Antibonding Orbital
w_=N_(1s,-1s,) = 0,15

Bonding Orbital

w. =N_(1s,+1s,) = 0,18

L antibonding

o 1S «— combin. of o 1s
] g 1s orbitals u
e density max. on ] . I . .
internuclear axis symmetric w.r.t. antisymmetric w.r.t.
inversion inversion
Slide 45
The Molecular Wavefunction
Put 1 electron in o41s with a spin: c41s(1) oy
Put 1 electron in c41s with B spin: c,1s(2)B,
Form the antisymmetrized product using a Slater Determinant.
- 1 crg15(1)oz1 crg1s(1)ﬁ1
vo 21 c,18(2)a, o,18(2)5,
1
Yo = ﬁ[%15(1)(;:1 -0,18(2)8, - o, 1s()B, - 0, 15(2)e, |
1l 1
Ymo T [0'913(1)0'9 13(2)_ _2 [a1/32 - /316!2] = Wspat *Vspin
Wspat ‘Vspin
Slide 46
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o = [,15(1)a, 15(2)] 'é[aﬁz - By

Yopin = % |a.3, - Be,|  The spin wavefunction is already normalizeD

(see Chap. 8 PowerPoint for He).

Because the Hamiltonian doesn’t operate on the spin, the spin
wavefunction has no effect on the energy of H..

This independence is only because we were able to write the total

wavefunction as a product of spatial and spin functions.
This cannot be done for most molecules.

Vepat = 04 15(Ne,18(2) =[ N (1s, +1,) || N. (1s, +1s, ) |

Slide 47

The MO Energy of H,

Vspar = 05 18(1)0,18(2) = [N+ (1s, +1s, )] [N+ (1s, +1s, )]

The expectation value for the ground state H, electronic energy

is given by: - <l.1/ b
- spat

lr”spaf)
using the wavefunction and Hamiltonian above.

The (multicenter) integrals are very messy to integrate, but can
be integrated analytically using confocal elliptic coordinates, to
get E as a function of R (the internuclear distance)

The total energy is then: V(R)= E(R)+%

Slide 48
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2E,,

D,: Dissociation Energy

Enn(cal)=-1.099 au  D(cal)= 2+E,, — E,,,(cal)
R min(cal)=0.85 A D(cal)= +0.099 au = 2.69 eV

Rmin De
Cal.(Z=1) 0.85A 2.69eV
Expt. 0.74 473

Slide 49

Improving the Results

As for H,*, one can add a variational parameter to the atomic orbitals
used in cy1s.

73 ) 7" ) ) ) )
4,=,—e*" and ¢, =,/~—e*"™ (in atomic units)
T T

l/jspar = 0-918(1)0-918(2) = I:N(¢a + ¢b)][N(¢e + ¢b)]

The energy is how a function of both Z' and R.
One can find the values of both that minimize the energy.

Rmin De
Cal.(Z=1) 085A 2.70eV
Cal.(Var.Z) 073  3.49
Expt. 0.74 4.73

Slide 50
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An Even Better Improvement: More Atomic Orbitals

Z-Direction

(o] (b

As for H,*, one can make the bonding orbital a Linear Combination
of more than two atomic orbitals; e.g.

o,1s = ¢,1s, +¢,2s, +C,2p,, + C, 1S, +C: 25, +Cs2p,,

We performed a Hartree-Fock calculation on H, using an LCAO
that included 4 s orbitals, 2 p, orbitals and 1 d,, orbitals on each hydrogen.

Rmin De
Cal.(Z=1) 0.85A 2.70eV
Cal.(Var.Z) 0.73  3.49

Cal.(HF-Big) 0.74 3.62  Question: Hey!! What went wrong??
Expt. 0.74 4.73

Slide 51

Question: Hey!! What went wrong??

When we performed this level calculation on H,*, we nailed
the Dissociation Energy almost exactly.

But on H, the calculated D, is almost 25% too low.

Answer: The problem, Corky, is that unlike H,*, H, has
2 (two, dos, zwei) electrons, whose motions are correlated.

Hartree-Fock calculations don’t account for the electron
correlation energy.

Don't you remember anything from Chapter 7??

Question: Does your watch also say 3:00 ?
Tee Time — Gotta go!!!

Slide 52
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Inclusion of the Correlation Energy

There are methods to calculate the Correlation Energy correction
to the Hartree-Fock results. We’'ll discuss these methods in
Chapter 9.

We used a form of “Configuration Interaction”, called QCISD(T),
to calculate the Correlation Energy and, thus, a new value for D,

Rmin De
Cal.(Z=1) 0.85A 2.70eV
Cal.(var.Z) 0.73  3.49
Cal.(HF-Big) 0.74  3.62
Cal.(QCISD(T)) 0.74  4.69 «—— That's Better!!
Expt. 0.74  4.73
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Outline

* Hydrogen Molecular lon: Born-Oppenheimer Approximation.

* Math Prelim.: Systems of Linear Equations — Cramer’s Rule

* LCAO Treatment of H,*

* H,* Energies

* H,* Wavefunctions

* MO Treatment of the H, Molecule

* Homonuclear Diatomic Molecules

* Heteronuclear Diatomic Molecules
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Homonuclear Diatomic Molecules

We showed that the Linear Combination of 1s orbitals on two
hydrogen atoms form 2 Molecular Orbitals, which we used to describe

the bonding in H,* and H,.

These same orbitals may be used to describe the bonding in
He,* and lack of bonding in He,.

Linear Combinations of 2s and 2p orbitals can be used to
create Molecular Orbitals, which can be used to describe
the bonding of second row diatomic molecules (e.g. Li,).

We can place two electrons into each Molecular Orbital.
Definition: Bond Order — BO = %2(ng — n,)

ng = number of electrons in Bonding Orbitals
n, = number of electrons in Antibonding Orbitals

Slide 55

Energy

Bonding in He,*

‘ . He," has 3 electrons
1 Electron Configuration
_I_ Conf 1sY (o:1s)
o s =y =N(1s,~1s,) ] onfig = (o, 1s) (0, 1s)

Antibonding Orbital

1Sa lsb

L N BO = %(2-1)
o, 1s=y, =N(1s, +1s,) —— =1/2

Bonding Orbital .

Slide 56
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Slater Determinant: He,*

Config = (0'918)2 (0513)1

o, As(Me,  o,1s(1)f, 0';15(1)611
Wyo = ﬁ c,1s(2)a, c,15(2)p, O’L:1S(2)(12
o 18(3)ey,  0,18(3) 5, ©,18(3)a,

1 .
;,/Mozﬁ\agsm)m 0,15(2)8, o,15(3)at|
Shorthand Notation

Slide 57

Energy

He, has 4 electrons

Electron Configuration
Config = (o, 1s) (o 1s)’
ey -t — L o=, (o)

Antibonding Orbital

1s, — 1s,

1l : BO = 1(2-2)

o, A5 =y, =N(1s, +15,) s’ =0

Bonding Orbital .

Actually, He, forms an extremely weak “van der Waal's complex”,

~3 Aand D, ~ 0.001 eV [it can be observed at T = 103 K.
Slide 58

with R,
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Second Row Homonuclear Diatomic Molecules

We need more Molecular Orbitals to describe diatomic molecules
with more than 4 electrons.

Max. e~ density along
internuclear axis

2s, 2s

b
@@ and — Sigma (o) MO’s
2P, Max. e- density along

2P,
internuclear axis
and —— Pi (1) MO’s
Max. e- density above/below
internuclear axis
2pya 2pyb
2p,, and 2p,, also combine to give = MO’s
Slide 59

Sigma-2s Orbitals

¢

———— 0,25 =N(2s,-25,)
: % Antibonding Orbital

0,25 =N(2s,+2s,)

. Bonding Orbital

Energy

Slide 60
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Energy

Sigma-2p Orbitals

e

—_—— 0';2,0 = N(sza + zpzb)
3 Antibonding Orbital

2pza 2pzb

:
: B
: "
: B
@@ : ; @@
: 3
— —_—
5 H
3 :
. :
. :
. :
s N

ngp = N(sza - 2pzb)
Bonding Orbital

Note sign reversal of 62p from 62s and o1s orbitals.

Slide 61

Pi-2p Orbitals

7,2p =N(2p,, - 2p,, )
: % Antibonding Orbital

Energy

2pyh

7,2p=N(2p, +2p,)
Bonding Orbital

There is a degenerate r,2p orbital and a degenerate n,2p
orbital arising from analogous combinations of 2p,, and 2p,,

Slide 62
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Homonuclear Diatomic Orbital Energy Diagram

c,2p

{1'; 2p JT; é'p

2pxa 2pya zpza ........ O-Q‘Q'p ..*"...::..prb 2pyb 2pzb
T,2p  m,2p .
c,2s
25 e 0-925 ........ 2SD
o, 1s
e o s 1Sb
Slide 63
Consider Li,
c2p (&) What is the electron configuration?
(b) What is the Bond Order?
Ty2p ——— —— (c) What is the spin multiplicity?
(Singlet, Doublet or Triplet)
G 2p —
7,2p —— —— 6 Electrons
2 . 2 2
o' 2s (6915) (0018) (crgZS)
0,2s -U— BO =%4(4-2) =1
o1 S=0: Singlet
gg‘ls _u_
Slide 64
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Consider F,
(@) What is the electron configuration?
(b) What is the Bond Order?
(c) What is the spin multiplicity?
(Singlet, Doublet or Triplet)

18 Electrons

(0918)2 (0;15‘)2 (0'928)2 (0;25)2 (frUZ;D)4 (crgZp)z (n;Qp)4

0,25 BO =14(10-8) = 1
o'1s S=0: Singlet
o'g1S _u_
Slide 65
Consider O,

(&) What is the electron configuration?

(b) What is the Bond Order?

(c) What is the spin multiplicity?
(Singlet, Doublet or Triplet)

16 Electrons

BO = %(10-6) = 2

S=1: Triplet

(0918)2 (0;15‘)2 (0'928)2 (0;25)2 (frUZ;D)4 (crgZp)z (n;Qp)z

Slide 66

33



iz'; 2p
7,2

u

T
2p ——ll-

NI
pedl
Rin

a,
O-Q'
P

O-U
g

2s

q

L
oyis 1L

g
O,

o 1s

Consider O, , O, , O,

(@) Which has the longest bond?

(b) Which has the highest vibrational frequency?
(c) Which has the highest Dissociation Energy?

O,: 16 Electrons —BO =2
O,": 15 Electrons — BO = 2.5

O, 17 Electrons—BO =1.5

O, has the longest bond.

O, has the highest vibrational frequency.

O, has the highest Dissociation Energy.
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A More General Picture of Sigma Orbital Combinations

S OICr

2s, 2s,

1s, 1sy

2pza

The assumption in the past section that
only identical orbitals on the two atoms
combine to form MQ’s is actually a bit
simplistic.

In actuality, each of the 6 c MO’s is really
a combination of all 6 AO'’s.

Wio =C,18, +€,25, +C,2p, +C,1S, +C.25, +C,2p,,

Slide 68
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Approximate vs. Accurate MO’s in C,
Vo =618, +C,2s, +¢,2p, +C,1s, +C.25, +C.2p,,
o2p MO (E =~ -15 eV)
Vapprox ¥ 0.70-2p,, +0.70-2p,,

Wpeer =|—0.07-1s, +0.40-2s, +0.60 - 2p,, | +[-0.07 -1s, + 0.40-2s, —0.60 - 2p,, |

62s MO (E ~ -40 eV)
Wpopror  0.70-25, +0.70 25,

Yo =[-0.17 15, +0.50.25, +0.23-2p, | +[-0.17 -1, + 0.50 .25, + 0.23-2p,,|

cls MO (E = -420 eV)
Waproe 07015, +0.70-1s,
Wagar =[0.70-1s,+0.01-25,] +[0.70-1s, +0.01- 25, ]

Slide 69

Outline

* Hydrogen Molecular lon: Born-Oppenheimer Approximation.

* Math Prelim.: Systems of Linear Equations — Cramer’s Rule

* LCAO Treatment of H,*

* H,* Energies

* H," Wavefunctions

* MO Treatment of the H, Molecule
* Homonuclear Diatomic Molecules

* Heteronuclear Diatomic Molecules
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Heteronuclear Diatomic Molecules
Haa_<E> Hab_<E>Sab -0
Hab7<E>Sab be7<E>

be # Haa

Therefore, the energies are not symmetrically displaced,

and the magnitudes of the coefficients are no longer equal.

0] # [c|

Antibonding (A) sy, =c¢, +C,4,

E-H,
(I)a_aa_-:

':-E:be

By

Bonding (B) =’ W, = Cod, + oy

Slide 71

Interpretation of Secular Determinant Parameters

H _<E> H.p _<E>Sab

aa

=0
Hab _<E> Sab be - <E>

Su = (8 180) = [ #2807

Overlap Integral

@ Large S,

@@ Small S,

Generally, S, = 0.1 -0.2

Commonly, to simplify the calculations,
it is approximated that S, ~ 0

Slide 72
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H, _<E> Hab_<E>Sab70
H,~(E)S, Hy-(E) |

H,, = (¢.|H|4.)= [#:Hg.dr  Energy of an electron in atomic orbital,
¢,, in an unbonded atom.

Hy, = (g, |H|¢,) = J‘¢;H¢bdr Energy of an electron in atomic orbital,
¢y, in an unbonded atom.

H..» Hyp, <O  Traditionally, H,, and H,, are called “Coulomb Integrals”

aa’

Commonly, H,, is estimated as —IE, where IE is the lonization Energy
of an electron in the atomic orbital, ¢,.

C+

H,,,.(C)~ -20.8eV
IE(2p)=11.3 eV 25.25(C) e

HZrJ 2p(C) ~-113eV

2p

IE(2s)=20.8 eV
2s —
o Slide 73

Hy = (4. |H|8,) = I¢;H¢bdr Interaction energy between atomic orbitals,
¢, and ¢y, .

Traditionally, H,,, is called the “Resonance Integral”.

H,, is approximately proportional to: (1) the orbital overlap
(2) the average of H,, and H,,

H, ~ K[M}s@ K=~175
2

Wolfsberg-Helmholtz Formula
(used in Extended Huckel Model)

Hyp, <O

Slide 74
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Interpretation of Orbital Coefficients

Let's assume that an MO is a linear combination of 2 normalized AO’s:

Yo =N (Ca¢a + Cb¢b)

Normalization: 1= [wodr = (Wyo Wi )
1= (N(Cuf + Oy ) [N (Cu + Oty ))

1= N[ 62 (4, 4,)+ G5 (o] )+ 26,6, (8. |95 )]

1= Nz[c§ +62 +ZCachab] where S, = (4.|4,)

y Orbital
N = Overlap
\/cﬁ +0C: +2¢,6,5,,
Slide 75
! (C.¢, +Cuhy)
Iiy = ara
" \/cj +¢2+2¢,0,S,, o
c c
fSp~0: Vo=t st
ab " Jei+ct T e+l ’
2
f = Ca Fraction of electron density in orbital a
c+c
c? . - .
=2 | Fraction of electron density in orbital b
c.+c;
General: o =NY.c4,
02 . . . . .
f= ZJ > | Fraction of electron density in orbital i
c!
Slide 76
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— CS f = C!? Haa - <E> Hab - <E> ab| _ 0
2 2 b 2 2 -
Ca + G Ca TG Hy—(E)S,,  Hy—(E)
Homonuclear Diatomic Molecules: Hy =H,,
Co = [c4]
f=f=050
Heteronuclear Diatomic Molecules: H,#H,
leo| # el
f, # 1,
Slide 77
Antibonding (A) - . =040,
E=H, ~ <
a
E=H,
by
Bonding (B) W, =C,b,+C,0,
Haa_<E> Hab <E>Sab :O
H.p <E>8an be_<E>
(Has = (E))(Hoo = (E)) = (Hap = (E) S0 ) (Hao ~(E) Sa) = 0
One has a quadratic equation, which can be solved to yield
two values for the energy, <E>.
One can then determine c,/c, for both the bonding
and antibonding orbitals.
Slide 78
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A Numerical Example: Hydrogen Fluoride (HF)

1s,(H)  2p,(F)

Haa B <E> Hab N <E>Sab

0
Hab7<E>Sab be7<E>

Yo = N(Ca¢a + cbgﬁb) = N(Ca1sa(H)+ Cbzpzb(F))
Matrix Elements
H,, = <¢a ‘H|¢a> = <1SE(H)|H|1SB(H)> =-13.6eV
Hyp = <¢p ‘H‘%) = <2pzb(F)‘H‘2pzD(F)> =-174eV

Hao = (8, H ) = (1,(F)|H|2p,,(F)) = -2.0eV

So = {da| ) = (15,(H)| 2P, (F)} ~ O

Slide 79
Haa_<E> Hab_<E>Sab -0 H‘aa =-136eV
Ha ‘<E> S Hu ‘<E> H,, =-17.4eV
l H, =-20eV
Sab ~0
136 (E) 2 |
-2 174-(E)|
(136 (E))(-174-(E))-(-2)(-2)=0
(EY +31.0(E)+232.64=0
-31.0+./(31.0 - 4(1)(232.64)
(E)= 2
Car 0 ~31.0 +/30.44
(E), = % V3044 _ 18266V (E)a=——7% ——=-1274eV
Slide 80
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-136-(E) -2
2 174-(E)

Bonding MO
[-13.6-(-18.25) ¢, - 26, =0

%b -233 - ¢, =233,
Vg = (Ca¢a + Cb¢b)
=c,(¢, +2.33¢,)
= N(g, +2.334,)
1

WE = 72“&3 + 233¢b)
1+(2.33)

v, = 0.3944, +0.919,
~0.394 1s,(H) +0.919-2p,, (F)

=0 —

(-136-(E))c,-2c,=0
-2¢,+(-17.4-(E))c, =0

Antibonding MO
[-13.6-(-12.74)|¢, - 2¢, =0

® _ 0430 > ¢, =-0430c,

Wa= (Ca¢a + Cb¢b)
=C, (¢a 70-4309’%)
= N(gﬁa —0.430¢b)

1
[fUA = 72('?3 70430¢b)
1+(-0.430)

v, =0.919¢, - 0.394¢,
=0.919-1s,(H)—0.394-2p,, (F)
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Electron Densities in Hydrogen Fluoride
Bonding Orbital
w, —0.3944, +0.919¢, = 0.394.1s,(H)+0.919-2p,, (F)

c? 2
5 =(0919) =084
a b

c? 2
fi=fi=55=(0394) =016  f,=f =
a b

Over 80% of the electron density of the two electrons in the
bonding MO resides on the Fluorine atom in HF.

Antibonding Orbital
y, =0.9194, —0.3944, = 0.919.1s,(H)-0.394.2p,, (F)
c 2

f=f-—"2 _-(0919) =084 fof-_% _(03947-016
a H Ca+cs ( ) b F C:‘+C§ ( )

The situation is reversed in the Antibonding MO.
However, remember that there are no electrons in this orbital.
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Statistical Thermodynamics: Electronic Contributions
to Thermodynamic Properties of Gases

Here they are again.

U:sz[aanJ o - U
oT v | 5T
V.N BT VN
Y- sz(aanJ +kT(6|nQJ c, - ﬁ}
oT Jyu ainv ), oT Jp
u
S =kin —
Q+T

A=U-TS=-kTInQ

G=H-TS=-kTInQ+ kT[mJ
N

éinV
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The Electronic Partition Function

& & & &

w P -0 1 ——
Yget =ge +get +g,e k4.

Q
I

£y @ _&i—& _%

-& -&
lect kT *T . .
or ¢ -e kT.Zgie KT —g kr,{goJrgwe T 1g.e +}

i=0

I g _f _ha _Le
qelec: -e kT,Zg’_e KT — @ KT . g, +9:e kT +g,e KT 4

A o= A _Oe1 _Bez
" =e -3 ge T =el g +ge T +ge T +..
i=0

Ag, is the energy of the i'th electronic level above
0, =—1= c;(e‘ the ground state, g,

v is the absorption frequency (in cm?) to this state.
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& ® O £ Oy g2 -

clect L FF — -~ — Ag;  hev

g™ =e .Y ge T_e”-{gowtgﬂe T +g,e T+..} O,=—""= &
i=0

The ground state energy, g, is arbitrary (depending upon the point of
reference. Itis sometimes taken to be zero.

Excited state energies above ~5,000-10,000 cm! don't contribute
significantly to geect (or to thermodynamic properties). For example,

Ve = 20,0000m™ o - Nov, _ (6:63x10°)(3.00x10")(20,000)
T =3,000K Tk 1.38x107%

=2.88x10*K

9 _2.88x10°

e T =g 30 —g?%0 7x10°

eer
At room temperature (298 K): ¢ * ~ 1x1072

Thus, one can ignore all but very low-lying electronic states, except
at elevated temperatures.
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For convenience, we will consider only systems a O
with a maximum of one "accessible" excited state: ¢®* =e 7 {go +ge T }

Internal Energy and Enthalpy

Uefecl — sz(a |nQ9’9d J
or  Juu

Qelect independent of V

elect A ct
Helect — kTE {aan ] +kT | J — Uelem‘
or V.N g TN

oT

-

oT

elect elect TV A ecl
He!ecl — Ue!ec! =kT2(aan foJ _ sz aln[qf : — nRTz{CIn * f}
V.N 6T v V.N

Slide 86

43



Oe1

i e i -
q‘*’“fe”[gﬁgﬁ T} — lnqe’é”‘:f%m go+gee

Heeet = et = pRT? olng™™ = nRT? g & +i In| g +gef%
- - aT dT\ kT ) dT o

V.N i
_Be1
g nRT? C) Oa nRg.0.e T
— nRTz( 02]+ 5 g1 291 e T — nNA50+ g1 el 5
kT T 1Y
gotge ' g, tge 7
N =R
YTk
Hoe.'ect chermeleft@ﬂ
nRg®.e 7
elect __ yjelect _ 1~ el
H™ =U™ =nkE, + =X E,=N,s, GS Electronic Energy
g, tge 7 per mole
Helect _ Uelect — Helecr +Hetecr 0. — A&] _ hCljm
0 therm el= . = 5
k k
Slide 87
_Oe1
nRg®.e T Ag, hcv
elect _ 1~el 1 _ el
H™ =nEy+ ————— 991,7, "

|

go+ge

For any numerical examples in this section, we'll assume that

g, =0 whichleadsto E,=N,g,=0.

i.e. we're setting the arbitrary reference energy to zero in the electronic
ground state.

In this case, we could have started with:

Op1

Q" —e F [go i 9167} =g, +ge

a1
T

which would have led to:

e

Hefecf — nRgﬂ®e1e ’
el

g tge ’
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Oe1

nRg1®eWe_?

Heiect — Ue!er.t — —
F Tk ok

9o+tg.€
Numerical Example #1

The electronic ground state of CO is a singlet, with no accessible
excited electronic levels. Calculate He'ect at 298 K and 3000 K

If there are no "accessible" excited states, that means that
0.,/T >>1. This leads to:

e

_Ba

_nRg®.e T nRgO.e”

T ®a 4 iae®
= = +g.e

g, +ge ' 9o T 9i

H elect

By the same reasoning, Helect = Uelect = 0 for molecules with
ground states of any multiplicity if the excited states are inaccessible.
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_Oet -
elect __ elect __ nRg1®eie T @ = % = %
HE=Um =" "k k
g,+9¢ '

Numerical Example #2

The electronic ground state of O, is a triplet (refer back to orbital diagram
for O, earlier in the chapter.

There is an excited electronic state doublet 7882 cm! above the GS .
Calculate He'ect for one mole of O, at 3000 K and 298 K.

 hew,, (6:63x10™J-5)(3.00x10" cm / 5)(7882cm™)

0, = - ~ 11360 K
k 1.38x10~ J/K
Geﬂ ,@
"7 (1mol)-(8.314 /mol -K)(2)(11360K)e 30
Helecf — nRg1®e1eeg1 — ( ) ( )11(36())( ) =1400J =1.40kJ
g,+ge 3+2e 00

At 298 K: H®™ =2x107"" kJ ~ 0
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Entropy

Uefecl N U elect
SR

Seiect — klnoeiecr + - _ kln(qefec!) . Uﬁ'lscf

— Nk'nqe/ecf

elect

S = nRIng™ +U? because Nk = nNk = nR

-5 et | et )
g —e KT [go +ge T |=g,+ge T because we're assuming
7 that g, = 0.
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S = pRINg**™ + —— g™ =g,+ge T

Numerical Example: O, again

The electronic ground state of O, is a triplet.
There is an excited electronic state doublet 7882 cm! above the GS .

- -34 10 -
o :hcvmz(e,eaxw J-5)(3.00x10" ¢m /s )(7882cm ):11360K
ek 1.38x10% J /K ’

Let's calculate Select for one mole at 3000 K.

Uelect = Helect = 1400 J (from earlier calculation)

Oy 11360
T

et :g0+g1e_ =3+2e 300 =34+0.045=3.045
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et _9%1
elect T

Se!ecl — nRInqueL'r + — 3045

q* =g, +ge
Uelect = 1400 J

elect
S = nRIng®*™ P (1mol)(8.31J / mol -K)In(3.045) + 1400/
T 3000K

S -925+047=972J/K at 3000K

At25°C =298 K:  Ueect=0.00 J
qelect = gO =3

Select = RIn(3) + 0/298 = 9.13 J/K at 298 K
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Uefec{ By

elect __ elect elect _ -
ST =nRIng™ + Q" =g,+9g.e

At 25°C =298 K:  Select = RIn(3) + 0/298 = 9.13 J/K

Recall from above that, if there are no accessible excited states,
then Helect = elect = 9 independent of ground-state multiplicity.

In contrast, if the electronic ground-state of a molecule has a
multiplicity, g, > 1, then Select >0, even if there are no
accessible excited states.
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O, Entropy: Comparison with experiment
0, S,o(exp) = 205.1 J/mol-K at 298.15 K

Sren L gL S -1519 + 438 + 0035 =195.7
Chap.3 Chap.4 Chap.5

We were about 5% too low. Let's add in the electronic contribution.
Giren L. Grot L SV 4 §¥! — 1519 + 43.8 + 0.035 +9.1=204.8

Note that the agreement with experiment is virtually perfect.

Note: If a molecule has a singlet electronic ground-state and no
accessible excited electronic states, then there is
no electronic contribution to S.
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Helmholtz and Gibbs Energy
Ae/ecf — Ue/ecf o Tsefect — —kT[n Qe!ecr
Q¢'ect independent of V
Ge/ect — Heléct _ Tsefect — —kTIn Qeiecr + KT I‘Ij — Aefect
¢ TN
Numerical Example: O, Once More
The electronic ground state of O, is a triplet.
There is an excited electronic state doublet 7882 cm! above the GS .
; 6.63x107* J-5)(3.00x10" cm / s)(7882¢cm™
991 — hCVET — ( )( — )( ) — 1 1,360K
k 1.38x10 J/K
Let’s calculate Ge'ect ( = Aslect) for one mole of O, at 3000 K.
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Oe1

Ge!ec! _ Ae!ecf _ 7kT|nQe’e“ qefea =g, +g1e_? ®e1 = 1]_'360 K
go=2
9,=3

O 11360

7

=342 00 -3 045

elect

¢ =g, +9e

Ge!ecr - _kTIn Qelect — _kTln (qe)ecr)N = _NkTIn qe!ecf _ _nRTlnqe/ecl
Nk = nNpk =nR

G** = -nRTIng**™ = —(1mol)(8.31J / mol - K)(3000 K)In(3.045)

G¥* = A% = _27,760J = -27.8kJ
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O,: Entropy
The agreement of the calculated entropy including electronic
contributions with experiment is close to perfect.
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O,: Enthalpy

The agreement of the calculated enthalpy including electronic
contributions with experiment is close to perfect.
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O,: Heat Capacity

1

The calculated heat capacity is the most sensitive function of any
neglect in the calculations.

We have neglected several subtle factors, including vibrational
anharmonicity, centrifugal distortion and vibration-rotation coupling
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